Abstract. We study limit periodic and almost periodic homogeneous linear difference systems. The coefficient matrices of the considered systems are taken from a given commutative group. We mention a condition on the group which ensures that, by arbitrarily small changes, the considered systems can be transformed to new systems, which do not possess any almost periodic solution other than the trivial one. The elements of the coefficient matrices are taken from an infinite field with an absolute value.
Introduction
In this paper, for a commutative group X of square matrices over a field, we analyse the homogeneous linear difference systems
where {A k } k∈Z ⊆ X. We consider the case, when the sequence {A k } k∈Z is limit periodic or almost periodic. We continue in the research based on the results of papers [8, 9, 18, 22, 24] . In [18] (see also [16] ), the unitary systems of the form (1.1) are considered. One of the main results of [18] says that the systems with non-almost periodic solutions form a dense subset of the space of all unitary systems. If one is interested in orthogonal difference systems and skew-Hermitian and skew-symmetric differential systems, the corresponding result can be found in [19] , [21] , and [23] , respectively. Concerning almost periodic solutions of these systems, we refer to [12, 13, 17] as well.
In [8, 22] , general almost periodic systems (1.1) are examined. There are found groups of matrices such that the homogeneous linear difference systems without any non-trivial almost Proof. See [22, Lemma 3.10] . Lemma 4.6. Let {A k } ∈ LP(X) and ε > 0 be arbitrarily given. Let {δ n } n∈N ⊂ R be a decreasing sequence satisfying lim n→∞ δ n = 0 and let {S n k } ⊂ X be periodic sequences for n ∈ N such that If one puts
then {S k } ∈ LP(X). In addition, if
3)
Proof. See [9, Lemma 5.1.] (and also [20, Theorem 3.5] 
Results
Now, we can prove the main result. We repeat that X ⊆ Mat m (F) is a commutative group.
Theorem 5.1. Let X have property P and ε > 0 be arbitrary. Then, for every {A k } ∈ LP(X) and every sequence {u n } n∈N of non-zero vectors u n ∈ F m , there exists {S k } ∈ O ε ({A k }) ∩ LP(X) such that the solution of
is not almost periodic for any n ∈ N.
Limit periodic linear difference systems
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Proof. Let ε > 0 be arbitrary. Let ζ be taken from Definition 3.1. We use the following construction.
In the first step of the construction, let us consider the initial problem
Let {x
(1,1,1) k } be its solution and let j(1, 1, 1) := 0. For
there exists l(δ 1 ) ≥ 2 (see Definition 3.1). Denote 1 := 2 · l(δ 1 ). Then, for vector x
∈ O δ 1 (I) given by property P in Definition 3.1.
We define periodic sequence {S . If a (1,1,1) ≤ 1, then we put
If a (1,1,1) > 1 and x
In the second step, we consider the Cauchy problem
Let {x (2,1,1) k } be its solution. Then, there exists a positive integer j(2, 1, 1) divisible by 4 satisfying j(2, 1, 1) > p(1, 1, 1). For
there exists l(δ 2 ) (see Definition 3.1). Without loss of generality, we can assume that l(δ 2 ) ≥ l(δ 1 ).
, there exist matrices
taken from Definition 3.1. We define the periodic sequence {S . If a (2,1,1) ≤ 1/2, then we define
. . .
We put R
with the solution {x
gives the matrices
Let us define the periodic sequence {S
Next, we consider the initial problem
Then there exists a positive integer j(2, 1, 2) divisible by 16 satis-
taken from Definition 3.1. We define the periodic sequence {S
in the following way. Denote a (2,1,
. If a (2,1,2) ≤ 1/2, then we put
We consider the system with the initial value . If a (2,2,2) ≤ 1/2, then we define
It is the end of the second step.
We continue the construction in the same way. Before the n-th step, we have {R
We denote
4)
Let us consider the initial problem 
where l(δ n ) can be taken in such a way that l(δ n ) ≥ l(δ n−1 ). Next, we define the periodic sequence {S
. If a (n,1,1) ≤ 1/n, then we put
If a (n,1,1) > 1/n and x
If a (n,1,1) > 1/n and x 
We put R (n,1,1) k
and its solution {x , there exist matrices (see Definition 3.1)
We define the sequence {S . If a (n,2,1) ≤ 1/n, then
If a (n,2,1) > 1/n and x (n,2,1) j(n,2,1)
If a (n,2,1) > 1/n and x (n,2,1)
We continue in the same way. Let us consider
with its solution {x (n,n,1) k }. We know that there exists j(n, n, 1) ∈ N divisible by d(n, n, 1) such that j(n, n, 1) > p(n, n − 1, 1). Also for x (n,n,1) j(n,n,1)+ n − n−1
taken from Definition 3.1. Let us define the periodic sequence {S
Denote a (n,n,1) := x (n,n,1) j(n,n,1)
. If a (n,n,1) ≤ 1/n, then we define
If a (n,n,1) > 1/n and x (n,n,1) j(n,n,1)+ n − n−1
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(n,n,1) j(n,n,1)+d(n,n,1)/2−1
(n,n,1) j(n,n,1)+d(n,n,1)/2+1
= · · · = S (n,n,1) j(n,n,1)+d(n,n,1)+d(n,n,1)/2−1 = I, S (n,n,1) j(n,n,1)+d(n,n,1)+d(n,n,1)/2
Let us consider the Cauchy problem
with solution {x
in the following way. Denote
If a (n,1,q) > 1/n and x
. . . ∈ O δ n (I). . If a (n,2,q) ≤ 1/n, then 
S
(n,2,q) j(n,2,q)+d(n,2,q)(l(δ n )−2)+d(n,2,q)/2+1 = · · · = S (n,2,q) j(n,2,q)+d(n,2,q)(l(δ n )−1)+d(n,2,q)/2−1 = I, S (n,2,q) j(n,2,q)+d(n,2,q)(l(δ n )−1)+d(n,2,q)/2 = M (n,2,q) l(δ n )
, S (n,2,q) j(n,2,q)+d(n,2,q)(l(δ n )−1)+d(n,2,q)/2+1 = · · · = S (n,2,q) p(n,2,q)−1 = I.
